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The nodal line semimetals (NLSM) turn insulating under the application of a strong magnetic field,
perpendicular to its nodal plane. We study the combined effect of strong direct (dc) and alternating
(ac) magnetic field on such system to probe the behavior of the low lying Landau level (LL) states
that can periodically become gapless for suitably chosen field parameters. The oscillatory field
variation, as opposed to a steady one, has interesting impact on the quantum oscillation phenomena
with Landau tubes extremally crossing the Fermi surface two times per cycle. Moreover we find
that, low energy modes can witness Landau-Zener like transitions between valence and conduction
band providing further routes to conduction. We discuss such transition phenomena following the
framework of adiabatic-impulse approximation for slow quenches as well as mention the analytic tools
of rotating wave approximation and Floquet formalism that applies for the fast driving. Lastly we
investigaten the problem of periodic magnetic field acting parallel to the nodal loop is that reveals
topologically nontrivial states at low energies. Therefore, with proper parameters chosen, one can
engineer topological transitions to occur periodically in such systems as the oscillating field is swiped
through its cycles.
I. INTRODUCTION
In the recent surge of studies involving topological con-
densed matter systems, a nodal-line semimetal (NLSM)
has become a very familiar name these days. Such sys-
tem has accidental band touching nodes of co-dimension
2 with conduction and valence band crossing in a 3D Bril-
louin zone at specific symmetry protected line nodes1,
characterized by nonzero topological invariants2. The
nodal loops/rings can be realized both with or without a
spin-orbit coupling (SOC)2–4. For a normal NLSM, such
loops are equi-energy loops. A strong magnetic field in
such system create Landau levels (LL) producing gaps
in the bulk spectrum5–10. However conducting surface
states remains there turning the system to a topolog-
ical insulator (TI)7. Interesting spectral variation can
be seen depending on the direction of the magnetic field
as compared to the nodal plane8,10. Such systems ex-
hibit quantum oscillations as the applied field is varied
and thereby yielding periodic variation of the density of
states8,11.
We find that adding an ac field, just as an envelope to
the strong dc magnetic field already present, we can eas-
ily tune the quantum oscillation (QO) phenomena. As a
Landau tube pops out of the Fermi surface with steady
variation of the magnetic field, an oscillating variation
can cause extremal cross-sections of the Landau tubes
to appear two times, if not none, per cycle. This, in
turn, affects the temporal periodicity of the quantum os-
cillations. Instead of searching for the occasional gapless
states, we can let the system become gapless periodically
for proper choice of the field parameters. Furthermore,
transition of electrons from valence band to conduction
band becomes possible due to time periodicity of the
spectrum. It disrupts the insulating nature of the low
lying gapless states. Interesting exciting patterns can be
observed due to stuckelberg interference from all possi-
ble paths of transitions in the two-level system. Both
slow driving and fast driving scenario can be understood
under the frame of adiabatic-impulse approximation12–14
and rotating wave approximation12,14/Floquet theory15
respectively.
In this paper, we start with a problem of an oscillating
magnetic field perpendicular to the nodal plane and sec-
tion II details the formulation and the spectrum of the
same. In section III, we discuss the quantum oscillation
in such system while section IV details the intra/inter
band transitions between the LL states. Thereafter We
briefly discuss the scenario for magnetic field parallel to
the nodal plane in section V followed by an overall con-
clusion in section VI.
II. FORMULATION AND SPECTRA
We consider a simple continuum model NLSM
Hamiltonian with time-reversal and space-inversion
symmetries16 to be given as
H0 = (
p2⊥
2m
−m0)σz + vpzσy (1)
where p2⊥ = p
2
x+p
2
y. The σ matrices are the Pauli matri-
ces describing orbital degrees of freedom while we omit
the spin degrees of freedom for this model possesses no
SOC. It represents a nodal circle of radius
√
2mm0 in the
pz = 0 plane. On applying a magnetic field B = (0, 0, B)
perpendicular to the nodal loop, the Hamiltonian gets
modified via Peierls substitution p → p− eA. With
vector potential A in asymmetric Landau gauge being
given as A = (−By, 0, 0), the Hamiltonian becomes
H = H0 +
e
m
(−pxBy + eB
2y2
2
)σz. (2)
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2In the basis of Landau states this can be written as
H(B, pz) = [(n+
1
2
)
eBh¯
m
−m0]σz + vpzσy (3)
with n,pz = ±
√
[(n+ 12 )
eBh¯
m −m0]2 + v2p2z being the
dispersions. Here n denote the Landau levels. Since pz
is not affected by B, the 3D problem decomposes into a
family of 2D ones parameterized by pz
5. And for each
pz, we find discrete Landau level states with huge de-
generacy that is also proportional to the magnetic field
strength B17.
Few low lying spectra including the n = 0 LL are
shown in Fig.1 as functions of time within single cycle
of the field B. The solid and dashed lines distinguish
between two branches of the spectra n,pz . Notice that,
for a particular pz, minimum energy does not necessarily
correspond to n = 0. Rather, it corresponds to an integer
that is closest to the expression mm0eBh¯ − 12 .
Out of the spectra shown in Fig.1, only n = 0 and 9 LL
states are gapped at pz = 0. A zero energy mode with
n,pz = 0 appears only when pz = 0 and (n+
1
2 )
eBh¯
m = m0,
a condition which is generally not met, for n is an inte-
ger. Thus bulk states remain gapped. But a combination
of ac and dc field, such as B(t) = B0 + B1sin(Ωt), can
produce gapless bulk Landau states two times per cycle
whenever mm0eB(t)h¯ − 1/2 becomes an integer. When such
a B value falls within the range of B0 ± B1, the Van-
hove singularities appear in the density of states and it
repeats itself periodically giving rise to quantum oscil-
lations. The band touching (possible for pz = 0 alone)
again takes the form of nodal circles.
Here we don’t consider the ac field alone as the Zee-
man effect becomes non-negligible whenever B(t) be-
comes comparable to it during its cycle. Now even if
there is no band touching (for pz 6= 0) due to this ac
field sweeping, Landau-Zener (LZ) transitions between
the low energy modes can cause periodic avenues for
charge transport from valence band (VB) to conduction
band (CB).
III. QUANTUM OSCILLATIONS
In a 3D system we get the Landau tubes of electron
motion in presence of B field. Semi-classical equations
of motion for Bloch electrons in the crystal gives elec-
tronic cyclotron orbits with ωc = eB/m
∗ where m∗
is the effective mass of electron in the periodic lat-
tice. Onsager’s theory shows that such orbits in the mo-
mentum space (i.e., p-space) are quantized with area
An = (n+ γ)2pih¯eB (and thus An+1 −An = 2pih¯eB) for
LL dispersions close to Fermi energy17. This is because
the energy difference En+1(B, pz)−En(B, pz) = h¯eB/m∗
(z being the magnetic field direction) under same condi-
tions. Here m∗ = 12pi (∂An/∂E) is the effective mass of
the electrons and γ is parameter related to Berry phase
for the closed loop along the orbit. Now as B is var-
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FIG. 1: (Color online) Plot of the energy dispersions for low
energy Landau states at different pz values for B0 = 5T, B1 =
2T and m0 = 8 meV .
ied, cyclotron orbits grows or shrinks in size accordingly
and more and more Landau tubes pop out of the Fermi
surface for a steady increase of B. Wherever a Landau
tube pops out of the Fermi surface for a given B, we get
En(B, pz) = EF . Among them, there always exists one
particular pz where cyclotron orbit becomes extremal,
i.e., ∂An/∂pz = 0 and results in Van hove singularity in
the density of states (DOS). Furthermore, as B is steadily
increased/decreased, such jump in DOS occurs periodi-
cally. This gives quantum oscillation in the system be-
cause a constant change in B−1 : ∆(1/B) = 2pieh¯Aex causes
the DOS peak to appear again as Landau tubes of suc-
cessive orders cross the Fermi surface with extremal area
Aex (which is a function of EF and not of n).
Let us now consider the case of time periodic field
B(t) = B0 + B1sin(Ωt) acting on our NLSM system.
Particularly if 2B1
B20−B21 ≥
2pie
h¯Aex
, quantum oscillation of
the previous kind can be observed. Extremal cross-
section Aex is obtained at pz = 0 for there one finds
∂An/∂pz = 0. Thus we stick to the pz = 0 plane as far
as the discussion on the quantum oscillation is concerned.
For any gapless LL spectrum, the dispersions from its
two different branches cross each other at zero energy
twice per single sweeping of the oscillating field. But
they are same values of B and correspond to a single
point in the B−1 vs. n, i.e., the Landau fan diagram. If
µ = 0, we get two identical extremal cyclotron orbits at
these two points of time. For a small µ > 0 however, the
same LL point to four different times per cycle where the
dispersion n,pz=0 = µ. Two of those will correspond to
one B value and one branch of that n-th LL while the
other two correspond to a different B value and the other
branch of the same LL. These two sets of extremal orbits
will have different areas: one smaller and one larger than
the extremal area obtained at µ = 0. For the level n,
there are two critical chemical potentials, say µn1 & µn2
with µn1 < µn2 corresponding to the maximum of two
312 13 14 15
n
0.1
0.2
0.3
B-
1
12 13 14 15
n
12 13 14 15
n
µ = 0.5 µ = 2.5 µ = 4.0
y=.01
54x+
.0084
y=.01
37x+.
0057
y=.0
21x+
.011
9
y=.011
x+.005
7
10
15
20
25
n
0 2 4 6
Ωt
10
20
30
n
10
15
20
n
µ = 0.5
µ = 2.5
µ = 0.0
FIG. 2: (Color online) Landau fan diagrams at pz = 0
for parameters B0 = 5 T, B1 = 2 T and m0 = 8 meV .
Top panel shows B−1 vs. n plots for n → 12 − 15 and
µ = 0.5, 2.5 & 4.0 meV while the bottom panel shows n
vs. Ωt plots for µ = 0, 0.5 & 2.5 meV . The black (circles)
and red (squares) points denote extremal orbit coordinates
from two branches of the spectrum while the blue (diamonds)
points refer to the µ = 0 case where such two sets of points
merge to each other.
branches of n,pz=0. For µn1 < µ < µn2, only one ex-
tremal cyclotron orbit can be found at a particular B
value appearing twice per cycle whereas no extremal or-
bits can be found for µ > µn2 at that particular Landau
level.
On the other hand, a gapped low lying LL (e.g., n = 9
in Fig.1) leads to only one extremal orbit at two differ-
ent points of time for any µ within the minimum and
maximum of its dispersion.
All these conjectures can be understood from the Lan-
dau fan diagrams in Fig.2. The top panels show the B−1
versus n plots describing uniform periodicity in quantum
oscillations - two sets of points (i.e., circles and squares)
there referring to extremal orbits coming from two dif-
ferent branches of the spectrum. The linear trend of the
patterns indicate the factor γ = 12 implying topologi-
cally trivial phases (as the cyclotron orbits do not cut
through the nodal loop)8. Notice that, at a givenB value,
the number of extremal orbits in a LL state depends on
the value of µ. The same variations, however, indicates
nonuniform periodicity to QO when viewed temporally
and that’s been demonstrated in the bottom panel of
Fig.2. The time periodicity in B(t) in combination with
periodicity in DOS as a function of B−1 results in inter-
esting modification to the quantum oscillation behavior.
There will be now 8 time-steps ∆t(n) (instead of 4, for a
steady B variation) that correspond to ∆n = ±1 in order
to hop from one point at nth LL to a nearest LL point.
Of-course, the µ needs to fall within the bandwidth of
both the branches of the corresponding LL spectra, for
this to happen.
IV. INTRA/INTER BAND TRANSITIONS
Interband transitions are not possible in a semi-
classical formulation17. However, a zero or small en-
ergy gap turns the formulation ineffective allowing for
inter/intra-band transitions. Let’s consider the the
Hamiltonian H(B, pz). We can write it as
H = [C1 + C2sin(Ωt)]σz + C3σy (4)
where C1 = (n +
1
2 )
eB0
m − m0, C2 = (n + 12 ) eB1m and
C3 = vpz and σ’s denote the orbital space (obtained
from VB and CB). Let us stick to the low energy part of
the spectrum and consider only those n for which the gap
between the bands, i.e., 2n,pz is small. The intraband
transitions in such two level systems can be obtained nu-
merically. However it is always nice to have a analytical
framework of the problem. For the corresponding two
level system, the avoided crossing points will be related
to times t1 and t2 as
Ωt1 = sin
−1(−C1
C2
) & Ωt2 = pi − Ωt1.
Close to those points, the problem becomes a Landau
Zener (LZ) problem which is given by a linear time depen-
dent Hamiltonian H = vtσz + ∆σx with intraband tran-
sition probability PLZ = exp[−pi∆2/v]. In the present
case, this takes the form PLZ = exp[−pi C
2
3
Ω
√
C22−C21
] =
exp[−2piδ], say. For real t1 & t2 (i.e., for C2 >
|C1|), PLZ = 1 at pz = 0 indicating gapless states
and C1 = C2 implies no intraband transition. How-
ever, away from t1 & t2, the spectrum enters into the
impulse regime, as long as Ω is small and the aver-
aged transition probability for sweeping through a full
cycle becomes ¯P(1) = 2PLZ(1 − PLZ), for there are
two avoided crossing points per cycle13,14. But we
also need to consider the contribution from the stuck-
elberg interference between the two probabilistic path-
4ways. With this, the actual excitation probability be-
comes P(1) = 4PLZ(1− PLZ)sin2Φst with Φst = ξ2 + φS
being the Stuckelberg phase where ξ2 =
∫ t1+2pi/Ω
t2
n,pzdt
and φS = δ(lnδ − 1) + argΓ(1 − iδ) − pi/413,14. So both
PLZ = 0 and PLZ = 1 cases lead to zero transition with
P(1) = 0. Rather for fractional PLZ values, one can ob-
serve finite transition probabilities across the full cycle. If
we consider multiple passage through the avoided cross-
ing points stroboscopically we get the transition prob-
ability for m cycles to be P(m) = P(1)
sin2(mφ)
sin2φ where
cosφ = −(1− p)cos(ξ1 + ξ2 + 2θ)− pcos(ξ1 − ξ2)14.
This adiabatic-impulse approximation works only for
small Ω (i.e., C2Ω << 
2
n,pz ). If we are at large Ω limit,
one can use a rotating wave approximation14 to obtain
the transition probabilities. In this fast driving limit,
we can also resort to the Floquet formalism15 to get the
Floquet spectra of the problem that gives an effective
static Hamiltonian:
Heff = C1σz + C3σy +
1
h¯Ω
2iC2C3σx (5)
in large Ω limit. This indicates impossibility of gapless-
ness of the Floquet spectrum at pz = 0 as C1 6= 0. The
stuckelberg phase effects are averaged out due to fast
driving of the ac field. One can still obtain finite transi-
tions between the Floquet modes.
Fig.3 shows the excitation probabilities obtained nu-
merically for transition from VB to CB at low lying n = 9
(gapped) and n = 12, 13 and 14 (gapless) LL states. As
usual, small gaps always allow for electronic transitions
between the levels. Here transitions need not be neces-
sarily of intraband type as electrons can transit between
different LL states as well. Here we also show such in-
terband transition probabilities Pnl¯ for transitions from
the l¯ (a VB state) to the n (a CB state) LL state with
(n, l)=(12,13) and (13,14). Notice that though the states
corresponding to n = 12, 13, 14 are gapless, the interband
gaps between these states are always nonzero.
V. FIELD PARALLEL TO THE NODAL PLANE
Now if we consider the magnetic field to be parallel to
the nodal loop, situation differs and depending on the
value of µ, one can find topologically nontrivial phases
with γ = 0 and Berry phase equal to ±pi.
With B along the x direction, cyclotron orbits appear
in the y−z plane. Choosing A = (0,−Bz, 0), the Hamil-
tonian becomes
H(B, px) = (
p2x + (py + eBz)
2
2m
−m0)σzτ0 + vpzσyτ0 (6)
This can not be diagonalized analytically but dispersions
can be obtained semi-classically that fits well with nu-
merical solutions11. Extremal orbits appear for px = 0
where ∂An/∂px = 0. There cyclotron electron orbits are
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FIG. 3: (Color online) The probability of intra/inter band
transitions between low energy levels for B0 = 5 T, B1 = 2 T
and m0 = 8 meV .
obtained from the intersections of the Fermi surface and
the px = 0 plane. For small µ, there are a couple of
extremal orbits corresponding to ±pi Berry phases while
for large µ, there is one extremal orbit with zero Berry
phases.
We particularly study the 2D Hamiltonian H(B, px =
0). Within the px = 0 plane, the band touching points
appear at pz = pz0 = 0, p
2
y = p
2
y0 = 2mm0 for B = 0 and
the low energy spectrum in terms of the reduced variables
p′y(z) = py(z) − py0(z0) is given as H =
p′2y +2p
′
ypy0
2m σzτ0 +
vp′zσyτ0. This is an anisotropic Dirac Hamiltonian about
the pair of semi Dirac points11.
In presence of B = Bxˆ, new terms due to Peierls sub-
stitution are added to the Hamiltonian. With substitu-
tion z˜ = z +
py
eB , the Hamiltonian can be rewritten as
H(B, px = 0) = (
mω2c z˜
2
2
−m0)σzτ0 + vpzσyτ0
= [
mh¯2ω2cv
2
2
]1/3[(Z2 − δ)σz + Pσy]τ0
(7)
where δ = [
2m30
mh¯2ω2cv
2 ]
1/3, Z = z˜
α
√
h¯
and P = αpz√
h¯
are
dimensionless parameters with α = [ 2v
mω2c
√
h¯
]1/3. Thus
n(B, px = 0) = [
mh¯2ω2cv
2
2 ]
1/3
√
En(B), En(B) being the
eigenvalues of an anharmonic oscillator Hamiltonian10.
Let us first consider the low energy spectrum. It tends
to n(B, 0) ' ±2[m02m ]1/4
√
veBh¯n at low B and low
energies10. This is like a double well potential problem
with well separated Dirac points and the LL states show
valley degeneracies due to the pair of valleys with op-
posite chiralities at the two Dirac points8. However, a
large B reduces the intermediate potential barrier and
allows quantum tunneling between the valleys there by
breaking the valley degeneracy11. At large B values the
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FIG. 4: (Color online) Plot of (top) the energy dispersion for
low energy Landau states for px = 0 for parameters B0 =
1 T, B1 = 0.5 T and m0 = 12 meV. The inset shows Landau
fan diagrams for µ = 8.95 and 15.0 meV .
n = 0 state degeneracy breaks and the spectrum be-
comes gapped. For n 6= 0 with n >∼ m0, the double
degeneracy of the spectrum breaks and the semi-classical
orbit encloses both the Dirac points yielding a zero Berry
phase10.
At high energies close to m0, there will be divergence
in the DOS (Van Hove singularity) beyond which Berry
phase goes to zero turning the topological phases to triv-
ial. Below the critical µ, one get two extremal orbits of
same area in the Landau fan diagram and each of them
ring through the nodal loop resulting in topological ±pi
Berry phases. Above the critical µ, the orbit encircles
both the gapless points thereby giving zero winding or
Berry phase.
When we consider the time periodic B(t) = B0 +
B1sin(Ωt), the oscillating variation can let the system
repeatedly pass through its topological and trivial phases
for the proper values of B0 and B1 chosen. Fig.4 shows
the numerical spectra for low lying LL states as a func-
tion of time for one cycle of the ac field. The choice
of B0 = 1 T, B1 = 0.5 T and m0 = 12 meV can wit-
ness both high energy topologically trivial and low energy
topologically non-trivial phases and their transitions be-
tween each other as the field is swiped through. The inset
shows the B−1 versus n plots indicating γ = 0 and 0.5 for
topologically nontrivial high energy (µ = 15.0 meV ) and
topologically trivial low energy (µ = 8.95 meV ) extremal
orbits respectively.
VI. CONCLUSION
In this letter, we have studied the spectral and topo-
logical effect of a strong but oscillating magnetic field
acting on a NLSM. When the field acts perpendicular
to the nodal ring, Landau level states appear which al-
ter their dispersions with time periodically. As a result,
the quantum oscillation phenomena gets modified as the
temporal variation of B induces nonuniform periodicities
to the QO. For low lying modes, inter/intraband tran-
sitions start occurring producing new routes to electron
conduction. Though they do not show any topological
nontriviality, low energy topologically nontrivial states
with genus 1 can be obtained when the magnetic field
acts parallel to the nodal plane. With carefully chosen
field parameters one can thus allow the system to transit
between trivial and non-trivial phases periodically and
leave room for many exotic spectral/transport phenom-
ena to occur. In future we plan to study these problems
with much more rigor to explore the possible outcomes
of such topological transitions as well as to understand
the direct effect of inter/intra band transitions on the
quantum oscillation phenomena.
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